V. Arnold's problem 1987-14 from [6] asks whether there exist smooth hypersurfaces in R N (other than the conics in odd-dimensional spaces) for which the volume of the segment cut by any hyperplane from the body bounded by such a hypersurface is an algebraic function of the hyperplane. We desribe very realistic candidates for the role of such new hypersurfaces: in particular, it are examples (additional to Archimedes' conics) of such hypersurfaces, for which the analytic continuation of this volume function is finitely valued.
Introduction
Any compact body with regular boundary in R N defines a two-valued function on the space of affine hyperplanes: the volumes of two parts into which the hyperplanes cut the body.
A body in R N (and also the hypersurface bounding it) is called algebraically integrable if this function is algebraic, i.e. there is a non-zero polynomial F in N + 2 variables such that F (V, a 1 , . . . , a N , b) = 0 any time when V equals the volume cut (to any side) from this body by the hyperplane defined by the equation a 1 x 1 + · · · + a N x N + b = 0.
Archimedes [2] has proved that the sphere in R 3 is algebraically integrable; today it is easy to check this property also for all ellipsoids in odd-dimensional spaces. Newton [9] has proved that bounded convex bodies with smooth boundaries in R 2 never are algebraically integrable. V. Arnold asked (see [6] , Problems 1987 Problems -14, 1988 Problems -13, and 1990 , and also [5] ) whether there are other algebraically integrable bodies than collections of ellipsoids in R N with odd N. It was proved in [10] that the answer is negative for all bodies in even-dimensional spaces. The main obstruction to the integrability lies in the monodromy action on the homology groups related with hyperplane sections of our hypersurfaces: this action controls the ramification of analytic continuations of the volume function to the complex domain, and usually provides infinitely many values of such a continuation at one and the same hyperplane.
We present below a new series of bodies in all spaces of odd dimensions greater than 3, for which this obstruction vanishes: namely, it are tubular neighborhoods of standard even-dimensional spheres (and also any bodies affine equivalent to them). It is extremely plausible that these bodies are algebraically integrable: it remains only to prove flawlessly that the corresponding volume functions have finite growth at their singular points.
1.1. Main result. Let n be odd, m be even, and ε ∈ (0, 1). Consider the Euclidean space R n+m ≡ R n ⊕ R m with orthogonal coordinates x 1 , . . . , x n in R n and y 1 , . . . , y m in R m , and the hypersurface in it defined by equation (1) x 2 1 + · · · + x 2 n − 1 2 + y 2 1 + · · · + y 2 m = ε 2 .
Denote by P (respectively, by P C ) the space of all affine hyperplanes in R n+m (respectively, in C n+m ), and by Reg the subset in P consisting of hyperplanes transversal to the hypersurface (1) . Identifying any real hyperplane with its complexification, we consider P as a subset of P C . Theorem 1. For any ε ∈ (0, 1), there is a four-valued analytic function on the space P C such that the volume function defined by the body bounded by hypersurface (1) in R n+m coincides in any connected component of Reg with the sum of at most two branches of this analytic function. The monodromy group of this function is isomorphic to Z 2 ⊕ Z 2 and is generated by permutations 1234 2143 and 1234 4321 of its values. Conjecture 1. This analytic function is in fact algebraic. Remark 1. If n = 1 or m = 0 then (1) defines a reducible hypersurface, and hence does not fit the Arnold's question.
Remark 2. Hypersurfaces defined by similar equations
(2)
x 2 1 + · · · + x 2 n − 1 2 + y 2 1 + · · · + y 2 m = ε 2 with odd n and arbitrary m were considered in [11] as boundaries of locally algebraically integrable bodies. The hypersurface (1) assumes a smaller monodromy group of homology classes of hyperplane sections (which in fact controls the ramification of integrals) than (2), because it has singular points in the imaginary domain; these singularities "eat" parabolic points of the hypersurface, which cause a large part of the corresponding monodromy group.
Remark 3. It is important for this example that the second fundamental form of the hypersurface (1) in R n+m has only even inertia indices at all points where it is non-degenerate, cf. §3 in [13] .
Remark 4. Are there any examples more? Natural candidates are the bodies obtained by the iteration of the previous construction: we take a flag of odd-dimensional spaces R k ⊂ R n ⊂ R N and a tubular neighbourhood in R N of the boundary of a tubular neighbourhood in R n of the standard sphere S k−1 ⊂ R k .
Remark 5. Even if Conjecture 1 will be proved, one of Arnold's problem of this series will remain unsolved: it asks whether there are extra convex algebraically integrable bodies in R N , see [6] , problem 1990-27. Remark 6. For some related problems and results see [1] , [8] .
An obvious problem (whose solution would imply Conjecture 1) is to integrate explicitly in radicals the volume function of the body (1).
Main lemma.
Denote by W the body in R n+m bounded by the hypersurface (1), its volume by C 0 , and the corresponding two-valued volume function on P by V W . Denote by P 2 (respectively, by P C 2 ) the two-dimensional subspace in P (respectively, in P C ) consisting of all hyperplanes defined by equations of the form
with real (respectively, complex) coefficients; also denote by Reg 2 the space P 2 ∩ Reg.
The group O(n) × O(m) of independent rotations in R n and R m acts on the space P. The volume function V W is constant on the orbits of this action. Any such orbit contains a point of the space P 2 . In particular, any hyperplane defined by the equation
where not all coefficients α j are equal to 0, can be reduced by this group to a hyperplane with the equation
The space Reg 2 consists of five connected components. Indeed, the coordinate plane R 2 ⊂ R n+m defined by conditions x 2 = · · · = x n = y 2 = · · · = y m = 0 intersects the boundary ∂W of the body W along two circles (x 1 − 1) 2 + y 2 1 = ε 2 and (x 1 + 1) 2 + y 2 1 = ε 2 , see Fig. 1 . For any hyperplane X ∈ Reg 2 , the line X ∩ R 2 can (1) not intersect these circles leaving them to one side of it, (2, 3) intersect transversally only one of these circles, (4) not intersect these circles but separate them, or (5) intersect both of them.
Correspondingly, the space Reg splits into four components consisting of O(n) × O(m)-orbits of points from these components of Reg 2 ; the second and the third components of Reg 2 define one and the same component of Reg.
Lemma 1. There is a degree 2 polynomial in V ,
whose coefficients S and P are single-valued analytic functions in a and c, satisfying the following conditions: 1) It is even with respect to a : Φ(V, a, c) ≡ Φ(V, −a, c); 2) for any real a and c, the sum of both roots of the polynomial Φ(·, a, c) and both roots of the polynomial Φ(·, −a, −c) is equal to C 0 ;
3) for any real a and c, one of volumes cut from the body W by the hyperplane X ⊂ R n+m , defined by the equation (5) with these coefficients a and c, is equal to:
• one of roots of the polynomial Φ(·, a, c) if the line X ∩ R 2 intersects only the right-hand circle of ∂W ∩ R 2 ; • one of roots of the polynomial Φ(·, −a, −c) if the line X ∩ R 2 intersects only the left-hand circle of ∂W ∩ R 2 ; • the sum of both roots of the polynomial Φ(·, a, c) if the line X ∩ R 2 does not intersect these two circles and separates them; • the sum of one root of the polynomial Φ(·, a, c) and one root of the polynomial Φ(·, −a, −c) if this line intersects both these circles.
Theorem 1 follows from this lemma. Indeed, the orbit of any generic hyperplane in R n+m under the group O(n) × O(m) contains four points of the space P 2 , the equations (5) of corresponding hyperplanes differ by the choice of signs of coefficients a and c. By property 1) from our lemma, these four points split into two pairs, at which the function Φ takes equal values. We define the values of the desired analytic function at a hyperplane X as the union of roots of polynomials Φ(·, a, c) and Φ(·, −a, −c), where a and c are coefficients of the equation (5) of an arbitrary point of P 2 lying in the O(n) × O(m)-orbit of X.
1.3. Scheme of the proof of Lemma 1 (cf. [10] ). Denote by A the hypersurface in C n+m defined by equation (1) or, equivalently, by
Denote by Reg C the subset in P C consisting of all complex hyperplanes in C n+m generic with respect to A (that is, of hyperplanes whose closures in the compactification CP n+m of C n+m are transversal to the stratified variety consisting of the hypersurface A and the "infinitely distant" plane CP n+m \ C n+m ). Denote by Reg C 2 the intersection Reg C ∩ P C 2 . By Thom isotopy lemma (see e.g. [7] ), groups H n+m (C n+m , A ∪ X) are isomorphic to one another for all X ∈ Reg C ; moreover, they form a locally trivial fiber bundle over Reg C with a canonical flat connection (Gauss-Manin connection, see e.g. [3] , [12] ). Integrals of the volume form (9) dx 1 ∧ · · · ∧ dx n ∧ dy 1 ∧ · · · ∧ dy m along the elements of all these groups are well-defined. Let X 0 be a distinguished point in Reg C , and ∆ an element of the group
The pair (X 0 , ∆) defines an analytic function on Reg C : the value of its continuation along a path l in Reg C connecting X 0 with some point X ′ is equal to the integral of the form (9) along the cycle in H n+m (C n+m , A ∪ X ′ ) obtained from ∆ by the Gauss-Manin connection over our path l. If X 0 ∈ Reg and ∆ is the part of the body W cut by (the real part of) hyperplane X 0 , then in a neighbourhood of X 0 in P this function coincides with the volume function, hence the analytic continuations of these two functions into the complex domain also coincide. Therefore, the ramification of the analytic continuation of the volume function is controlled by the monodromy action of the group π 1 (Reg C , X 0 ) on the group (10) .
In particular, suppose that this hyperplane X 0 belongs to Reg 2 and is sufficiently close to the hyperplane given by the equation x 1 = 1 (but is not equal to it, because the latter hyperplane is not generic "at infinity"), so that the line X 0 ∩ R 2 intersects the right-hand circle of ∂W only, see Fig. 1 . It is easy to see that the part of W containing the piece of R 2 ∩ W placed to the right from X 0 in Fig. 1 is a vanishing cycle in the group (10): it contracts to a point when we move the plane X 0 to the right parallel to itself until the tangency position with ∂W . We will prove below that the orbit of this element of (10) under the action of the group π 1 (Reg C , X 0 ) consists of four elements, and the orbit under the action of elements of π 1 (Reg C 2 , X 0 ) consists of only two elements. Therefore the analytic continuation of the corresponding volume function from a neighbourhood of X 0 to entire Reg C 2 is twovalued.
Define the coefficients S(a, c) and P (a, c) in (7) respectively as the sum and the product of both values of the latter analytic continuation at the point X(a, c) ∈ Reg C 2 defined by equation (5) . These functions S and P are single-valued.
Conjecture 2. These functions S and P are rational; they have poles of orders respectively ≤ (n + m − 1)/2 and ≤ (n + m) on the variety defined by the equation a 2 + 1 = 0, and no other singular points in the finite domain of the space C 2 of parameters a and c. In particular, the single-valued entire analytic functions S(a, c)/(a 2 + 1) (n+m−1)/2 and P (a, c)/(a 2 + 1) n+m grow only polynomially in C 2 , hence they are polynomials, and function (7) is algebraic.
This conjecture obviously implies Conjecture 1. If a hyperplane X with the equation (5) intersects only the left-hand circle of ∂W ∩ R 2 then the volume of one of parts cut by it from the body W is equal to one of roots of the polynomial Φ(·, −a, −c). If it separates two circles of ∂W ∩ R 2 then the part of W cut by X is equal to the sum of two vanishing cycles from one and the same orbit of the action of π 1 (Reg C 2 , X 0 ), and hence its volume is exactly S(a, c). If X intersects both these circles then this part is equal to the sum of two such vanishing cycles from different orbits.
A proof of Lemma 1 along this scheme takes the rest of the article.
Geometry and topology of variety (1)
Lemma 2. 1. The singular locus singA of variety A is distinguished by the system of equations
2. Let D be a small 2(n+ 1)-dimensional disc in C n+m transversal to singA (i.e. a fiber of its tubular neighbourhood). Then the variety A∩D is locally diffeomorphic to the zero set of a non-degenerate quadric in C n+1 , i.e. to the variety defined by the equation
is equal to Z if i is equal to n + 1 or n, and is trivial for all other i.
The complex link (see [7] ) of singA is homotopy equivalent to S n .
This group is generated by 1) the fundamental cycle of the manifold ∂W ≡ A ∩ R n+m , and 2) the set of points (x 1 , . . . , x n , y 1 , . . . , y m ) ∈ A such that all x j are real, x 2 1 + · · · + x 2 n ≤ (1 − ε) 2 , the real parts of all y j are equal to 0, and y 2 1 + · · · + y 2 m ≥ ε 2 − 1. The groupH n+m−2 (A) is trivial.
Proof. Two described cycles are independent in H n+m−1 (A) since they bound relative cycles in H n+m (C n+m , A) whose volumes (i.e. the integrals of the form (9) along them) are not equal to zero and are incomparable for generic ε. Indeed, the volume of the tube tends to zero when ε tends to 0, and the volume of the second cycle tends to a real non-zero constant (whose sign is equal to (−1) m/2 ), therefore the ratios of these two numbers run a continuum of values.
Denote by X 1 the (non-generic) hyperplane {x 1 = 0} in C n+m . Consider the exact sequence of the pair (A, A ∩ X 1 ):
The left-hand group in (13) is trivial as A ∩ X 1 is a (n + m − 2)dimensional Stein space. The restriction of the real function |x 1 | to the non-singular variety A \ X 1 has exactly four Morse critical points with coordinates x 1 = ±1 ± ε, x 2 = · · · = x n = y 1 = · · · = y m = 0; their Morse indices are equal to n + m − 1. Therefore the concluding group (14) is trivial, and the group H n+m−1 (A, A ∩ X 1 ) is isomorphic to Z 4 and is generated by the intersections of the abovedescribed two cycles with the half-spaces where x 1 ≤ 0 or x 1 ≥ 0. The boundaries of two generators lying in the half-space {x 1 ≥ 0} are the cycles in A ∩ X 1 which are independent in H n+m−2 (A ∩ X 1 ) by exactly the same reasons by which two cycles discussed in the present lemma are independent in H n+m−1 (A). So the rank of the last arrow in (13) is equal to 2, and its kernel (isomorphic to H n+m−1 (A)) is 2dimensional, i.e. H n+m−1 (A) ≃ Z 2 . The space A∩X 1 is analogous to A in the space X 1 ≡ C n+m−1 instead of C n+m , which implies the equality H n+m−2 (A ∩ X 1 ) ≃ Z 2 . Its two generators belong to the image of the boundary map, hence both arrows in (14) are trivial, and H n+m−2 (A) ≃ 0.
Denote byÅ the regular part A \ singA of the variety A.
Let Y be a generic hyperplane in C n+m tangent to singA at some point s, B a small ball centered at s, andỸ ∈ Reg C be a hyperplane parallel to Y and very close to it. 
are isomorphic to Z, and this map is an isomorphism.
Proof. The space of choices of initial data participating in our lemma (consisting of the point s ∈ singA, tangent plane Y , ball B, and neighbouring planeỸ ∈ Reg C ) is irreducible, therefore it is enough to consider an arbitrary such collection of them. So we take for s the point with coordinates y 1 = i √ 1 − ε 2 , y 2 = · · · = y m , choose the radius ρ of the ball B much smaller than ε, and defineỸ by the equation
where ζ is a positive constant much smaller than ρ. We will show that both groups (15) are then generated by one and the same relative cycle, namely by the part of the cycle 2) from Lemma 3 placed in the domain where Im
The left-hand group in (15) appears as follows. The groupH * (A∩B) is trivial, as A ∩ B is homeomorphic to the cone over the point s. The group H * (A ∩ B ∩Ỹ ) can be reduced to the similar homology group in the transversal slice of singA by a kind of (m − 1)-fold suspension, see [7] . Let us remind a realization of this reduction following [12] , §II.4 (see Fig. 2 ). Fiber the ball B into its sections by a family of parallel (n + 1)-dimensional complex planes transversal to singA, along any of which the coordinates y 2 , . . . , y m take some fixed values. Some of these planes are non-generic with respect to the hypersurface A ∩Ỹ : this happens when the intersection point of such a plane and the variety singA belongs toỸ . By the usual complex Morse lemma (applied to the restriction of the function y 1 to singA), the variety singA ∩Ỹ ∩ B parameterizing the non-generic planes contains a sphere S m−2 as a deformation retract. This sphere can be spanned by a (m − 1)dimensional disc Ψ m−1 , whose interior points lie in singA ∩ B \Ỹ ; the class of this disc in H m−1 (singA ∩ B, singA ∩ B ∩Ỹ ) is not equal to zero.
Let Υ be a generic complex (n+1)-dimensional plane from our family transversal to singA at a point of Ψ m−1 , and Ξ be an i-dimensional cycle in A ∩ B ∩ Υ ∩Ỹ . Then we can span an (i + m − 1)-dimensional cycle in A∩B∩Ỹ extending this cycle by the local triviality into all similar slices by the planes of this family intersecting singA in interior points of the disc Ψ m−1 and contracting them over the boundary points of this disc. This suspension operation defines an isomorphism H i (A∩B ∩Υ∩Ỹ ) → H i+m−1 (A ∩ B ∩Ỹ ).
In our case, by Lemma 2 the variety A ∩ B ∩ Υ ∩Ỹ is homeomorphic to a generic hyperplane section of the cone (12), hence is homotopy equivalent to S n−1 . This sphere S n−1 can be realized by the intersection of A ∩ Υ ∩Ỹ with the cycle 2) from Lemma 3. Therefore H n+m−2 (A ∩ B ∩Ỹ ) ≃ Z, and the equality of the first group in (15) to Z follows by the exact sequence of the pair (A ∩ B, A ∩ B ∩Ỹ ). By the construction a generator of this group is realized by the corresponding part of cycle 2) of Lemma 3.
Considering the second group (15) we can replace the setÅ by the complement in A of a small closed tubular neighbourhood T of the singular locus singA; so we study the relative homology group The right-hand group in (16) is isomorphic to Z by Corollary 1 and Künneth formula for the direct product of pairs (singA∩B, singA∩Ỹ ∩ B) and (A ∩ D, A ∩ ∂D). A generator of this group is again realized by the intersection of the cycle 2) from Lemma 3 with the neighbourhood T .
Lemma 5. For any affine complex hyperplane X ∈ Reg C in C n+m , we have isomorphisms
all these groups are isomorphic to Z 6 .
Proof. The isomorphisms (17) follow from exact sequences of pairs. By Thom isotopy theorem, all homology groups in (17) form locally trivial fiber bundles over the space Reg C , so we can take for X the plane given by the equation x 1 + y 1 = 0. Also, we will assume that ε in (1) is small enough, in particular ε < 1/ √ 2. The restriction of the function x 1 + y 1 to the stratified variety A has six critical points. Four of them are Morse critical points placed in A, namely it are real points with (x 1 , y 1 ) = ±(1, 0) ± (ε/ √ 2, ε/ √ 2), x 2 = · · · = x n = y 2 = · · · = y n = 0 (the signs ± are independent). In addition we have two critical points {x 1 = · · · = x n = y 2 = · · · = y m = 0, y 1 = ±i · √ 1 − ε 2 } of the restriction of function x 1 + y 1 to the singular locus (11); they are Morse critical points of this function x 1 + y 1 on the stratified variety A in the sense of [7] , §1.4.
Consider a graph in C 1 consisting of closed paths connecting the non-critical value 0 with all critical values of the map x 1 + y 1 : A → C 1 as in Fig. 3 . Denote by ‡ the pre-image in A of this graph under this map, and by ‡ the pre-image of the same graph less a very small neighbourhood of its six endpoints. The space ‡ is a deformation retract of A, and A∩X is a deformation retract of ‡, so we can consider the homology groups of the pair ( ‡, ‡) instead of (A, A ∩ X). Then any of six legs of Fig. 3 contributes a summand Z to H n+m−1 ( ‡, ‡) and nothing to H j ( ‡, ‡) for j = n + m − 1: for four non-vertical legs this follows from the usual Morse lemma (while the corresponding generators of the group H n+m−1 (A, A∩X) are standard Lefschetz thimbles, see [12] ); for two vertical legs the same follows from excision and Lemma 4.
Proof. This follows immediately from lemmas 3 and 5, and exact sequence of the pair (A, X).
Denote by rH * (A, A ∩ X) the subgroup in H * (A, A ∩ X) represented by relative cycles avoiding the singular locus of A, i.e. the image of the obvious map H * (Å,Å ∩ X) → H * (A, A ∩ X). Lemma 6. For any X ∈ Reg C , the group rH n+m−1 (A, A ∩ X) is isomorphic to Z 4 . For X considered in the proof of Lemma 5 this group is generated by four Lefschetz thimbles defined by non-vertical paths in Fig. 3 .
Proof. The groups rH * (A, A ∩ X) for all generic X are isomorphic to one another, so let us take X from the proof of Lemma 5. Let B j , j = 1, . . . , 6, be six small balls in C n+m centered at the critical points of the restriction of the function x 1 + y 1 to A. Consider six hyperplanes Y j ∈ Reg C , j = 1, . . . , 6 given by equations x 1 + y 1 =z j , wherez j are the points of the graph of Fig. 3 very close to their endpoints (i.e. to the corresponding critical values). By excision, the map
is an isomorphism. By Lemma 4 (and the exact sequence of triple mentioned in its statement), the image of the group H n+m−1 (Å,Å ∩ X) in the latter group can be at most four-dimensional, since it does not contain non-zero elements of the summands corresponding to two critical points from singA. Four other generators of this sum can be realized by standard Lefschetz thimbles and hence belong to image of this group.
Monodromy action
Fundamental groups π 1 (Reg C ) and π 1 (Reg C 2 ) act naturally on all groups (17) and on the group rH * (A, A ∩ X), and commute with the isomorphisms (17), cf. [10] . Let us study this action.
Since the spaces P C and P C 2 are simply-connected, these fundamental groups are generated by "pinches", i.e. the loops going first from the distinguished point X 0 to a smooth piece of the hypersurface Σ of non-generic hypersurfaces, then running a small circle around this hypersurface, and coming back to X 0 along the first part of the path.
The discriminant set Σ ≡ P C \ Reg C consists of four irreducible components Σ j , j = 1, . . . , 4, formed respectively by hyperplanes (Σ 1 ) tangent to the variety A at its non-singular finite points, (Σ 2 ) tangent to the variety singA at its finite points, (Σ 3 ) defined by equations (4) with (18) α 2 1 + · · · + α 2 n + γ 2 1 + · · · + γ 2 m = 0 (i.e. asymptotic to the smooth part of A: the closures in CP n+m of these hyperplanes are tangent to the intersection of the closure of A and the "infinitely distant" hyperplane CP n+m−1 ∞ ≡ CP n+m \ C n+m ), and (Σ 4 ) defined by equations (4) with (19) γ 2 1 + · · · + γ 2 m = 0 (i.e. asymptotic with respect to singA).
Let us study the action of pinches embracing these components on the group rH n+m−1 (A, A ∩ X) . Proof. Let s be a regular point of A, at which the second fundamental form of A is non-degenerate; let Y ∈ Σ 1 be the hyperplane tangent to A at this point. We assume that Y is not tangent to A at any other For all λ with sufficiently small |λ| = 0 these hyperplanes belong to Reg C . Let λ 0 = 0 be such a value of the parameter λ with very small |λ 0 |. We need to calculate the monodromy action on rH n+m−1 (A, A ∩ X λ 0 ) defined by the circle in Reg C consisting of all hyperplanes X λ with λ = e it λ 0 , t ∈ [0, 2π]. This action is described by the Picard-Lefschetz formula (20) formulated in the following terms. The group H n+m−1 (A ∩ B, A ∩ B ∩ X λ 0 ) is isomorphic to Z and is generated by the vanishing relative cycle ∆(λ 0 ), see e.g. [3] . The boundary map
is an isomorphism, and the latter group is generated by the absolute cycle ∂∆(λ).
Further, let ∆ be any element of the group H n+m−1 (A, A ∩ X λ 0 ), and ∂∆ be its boundary in H n+m−2 (A ∩ X λ 0 ). Then the monodromy operator in question sends our class ∆ to
where ·, · is the intersection index inÅ ∩ X λ 0 . Therefore it remains to prove the following lemma.
Lemma 7. For X ∈ Reg C , any two elements of rH n+m−1 (A, A ∩ X) can be represented by relative cycles ∆, ∆ ′ ⊂Å such that ∂∆, ∂∆ ′ = 0.
Proof. It is sufficient to prove this for the hyperplane X used in the proof of Lemma 5, and for basic Lefschetz thimbles issuing from the four critical points of the function x 1 + y 1 :Å → C, see Figs. 3, 4. All these critical points are real, and the Morse indices of their restrictions to the real part ∂W of A are even. Let ξ j , j ∈ {1, . . . , 4}, be one of critical values ±1 ± √ 2ε of this restriction, and ξ ′ be a non-critical real value of this restriction very close to ξ j . Let X ξ ′ be the hyperplane in C n+m defined by the equation x 1 + y 1 = ξ ′ . The vanishing relative cycle in (Å,Å ∩ X ξ ′ ) corresponding to the critical point with value ξ j is located in a small ball B around this critical point and generates the group H n+m−1 (Å∩B,Å∩X ξ ∩B). This vanishing cycle can be chosen to be invariant under the complex conjugation; moreover, since the Morse index of the function (x 1 + y 1 )| ∂W is even, this conjugation preserves the orientation of this cycle and homology class of its boundary in H n+m−2 (Å ∩ X ξ ′ ). By isotopy considerations, this invariance holds also for all cycles in similar groups H n+m−2 (Å ∩ Xξ) for all valuesξ from the same interval of real non-critical values as ξ ′ , which are obtained ones from the others by the Gauss-Manin connection over this interval.
On the other hand, the complex conjugation changes the orientation of the 2(n+ m−2)-dimensional manifoldÅ∩Xξ, therefore the intersection index of any two invariant cycles is opposite to itself, and hence is equal to 0. In particular, ∂∆ i (ξ), ∂∆ i+1 (ξ) = 0, if ξ is a non-critical value in the interval bounded by the critical values ξ i and ξ i+1 , and ∆ j (ξ), j = i or i + 1, is the Lefschetz thimble in (Å, X ξ ) defined by the segment connecting ξ with the corresponding endpoint of this interval.
We obtain immediately the equality ∂∆ 2 , ∂∆ 3 = 0, where ∆ 2 , ∆ 3 are the Lefschetz thimbles in (Å,Å ∩ X) defined by the segments in Figs. 3, 4 connecting 0 and the critical values ±(1 − √ 2ε). Moreover, the intersection index does not change if we deform continuously in C 1 the pattern consisting of the non-critical value ξ ′ and two paths connecting it to the neighbouring (fixed) critical values in such a way that all this construction has no additional meetings with the set of critical values during this movement. This implies equalities ∂∆ 1 , ∂∆ 2 = 0 = ∂∆ 3 , ∂∆ 4 .
Further, denote by∆ 1 and∆ 4 Lefschetz thimbles in (Å,Å∩X) which are complex conjugate to ∆ 1 and ∆ 4 respectively, and therefore can be defined by the pointed paths in Fig. 4 . The cycles ∂∆ 1 + ∂∆ 1 and ∂∆ 4 + ∂∆ 4 are invariant under the complex conjugation, therefore we have
By Picard-Lefschetz formula ∂∆ 1 is equal to ∂∆ 1 ± ∂∆ 1 , ∂∆ 2 ∂∆ 2 , and hence (by the equality ∂∆ 1 , ∂∆ 2 = 0 proved in the previous paragraph) to ∂∆ 1 . In a similar way, ∂∆ 4 = ∂∆ 4 . Therefore the previous three equalities reduce to ∂∆ 1 , ∂∆ 3 = 0, ∂∆ 2 , ∂∆ 4 = 0, and ∂∆ 1 , ∂∆ 4 = 0. Finally, all self-intersection indices ∂∆ j , ∂∆ j of odd-dimensional cycles are trivial.
3.2. Σ 2 : tangents to the singular locus. Let Y be a generic hyperplane in C n+m tangent to singA at some point s, so that its linear equation L = 0 defines a Morse function on the stratified variety A in the sense of [7] , and Y does not belong to other local branches of Σ. Let Y ξ , ξ ∈ C, be the family of hyperplanes parallel to Y ≡ Y 0 , which are defined by the equations L(x, y) = ξ. Let B be a small ball in C n+m centered at s. Let ξ 0 = 0 be a number such that |ξ 0 | is much smaller than the radius of the ball B. We consider the monodromy operator acting on the group
and defined by the circle in Reg C consisting of hyperplanes Y ξ where ξ runs the circle e it ξ 0 , t ∈ [0, 2π].
Proposition 2. This monodromy operator acts trivially on the sub-
Proof. The family of varieties (A ∩ Y ξ \ B) defines a trivial fiber bundle over the disc in C consisting of values ξ with |ξ| ≤ |ξ 0 |, therefore this monodromy operator adds to any element ∆ of the group (21) some element (depending linearly on ∆) realized by a chain inside B. Moreover, if ∆ ∈ rH n+m−1 (A, A ∩ Y ξ 0 ) then this chain can be realized insideÅ∩B, and hence its homology class in H n+m−1 (A∩B, A∩B∩Y ξ 0 ) belongs to the image of the homomorphism Figure 5 . A loop of third type Σ 3 ∪ Σ 4 in entire P C ) is isomorphic to Z 2 , in particular is commutative. Therefore (and since components Σ 1 and Σ 2 do not contribute to the monodromy action, as is shown in two previous subsections) we can calculate independently the action on rH n+m−1 (A, A ∩ X) of two basic loops embracing these components, and not take care on the choice of the distinguished point in Reg C . Let us do it for a loop embracing Σ 3 .
Such a loop can be realized inside the subspace P C 2 ⊂ P C (see §1.2). This subspace intersects the set Σ 3 along two lines consisting of hyperplanes given by equations x 1 = ±iy 1 + β with arbitrary β. The space P C 2 \ Σ 3 can be projected to CP 1 \ {i, −i} by sending any plane with equation (3) to the number p/q. A generator of the fundamental group of this space is provided by any loop along which these numbers run the real axis RP 1 ⊂ CP 1 , or by any loop sufficiently close to it.
To realize such a loop, let us draw a path on the surface ∂W , connecting two critical points of the restriction of function x 1 + y 1 to A inside the plane R 2 defined by conditions (23)
x 2 = · · · = x n = y 2 = · · · = y m = 0, see Fig. 5 : the point (x 1 , y 1 )(τ ) ∈ R 2 of this path moves as (1, 0) + ε(cos τ, sin τ ), τ ∈ [π/4, 5π/4]. The tangent planes of A at all these points can be defined by equations with real coefficients, in particular are far from the set Σ 3 . Let us deform this path slightly inside A ∩ C 2 (where C 2 is the complexification of the plane R 2 distinguished by (23)) in such a way that the tangent hyperplanes of A at all its points η(τ ), τ ∈ [ π 4 , 5π 4 ], are non-singular points of Σ, in particular all these points η(τ ) are not the parabolic points of A (i.e. the second fundamental form of A is non-degenerate at all of them). After that, let us draw a path in Reg C 2 escorting this path and consisting of hyperplanes X(τ ) parallel to the tangent hyperplanes of A at the corresponding points η(τ ) of our path and extremely close to them. For any point η(τ ) ∈ A ∩ C 2 of the first path and a small neighbourhood B τ of this point, we have H n+m−1 (A ∩ B τ , A ∩ B τ ∩ X(τ )) ≃ Z. Denote by δ(τ ) the vanishing relative cycles generating these groups and supplied with some orientations depending continuously on τ .
Gauss-Manin connection along our path moves these vanishing cycles ones into anothers, in particular moves the vanishing cycle δ(π/4) related with the starting point to the vanishing cycle δ(5π/4) related with the final one.
Consider two paths in Reg C 2 connecting the hyperplanes X(π/4) and X(5π/4) with the hyperplane X 0 = {x 1 + y 1 = 0} and consisting of hyperplanes given by equations x 1 + y 1 = λ where λ runs the solid paths in the right-hand part of Fig. 4 . Deforming our two vanishing cycles by the local triviality over these paths, we obtain exactly the Lefschetz thimbles ∆ 4 and ∆ 3 respectively. Therefore, the loop in Reg C 2 consisting of these two paths (passed in appropriate directions) and our path {X(τ )}, τ ∈ [π/4, 5π/4], moves the class ∆ 4 ∈ rH n+m−1 (A, A ∩ X 0 ) into ∆ 3 .
This loop is a generator of the group π 1 (P C \ Σ 3 ). An easy consideration with the reflection in the coordinate y 1 shows that the Gauss-Manin connection along the entire circle in Reg C 2 consisting of hyperplanes X τ , τ ∈ [π/4, 9π/4], brings the basic vanishing cycle δ(π/4) to itself, and not to minus itself. This cycle is a doubled generator of the same fundamental group, therefore the single generator moves ∆ 3 back to ∆ 4 , i.e. it permutes classes ∆ 3 and ∆ 4 .
In absolutely the same way, this generator permutes the classes ∆ 1 and ∆ 2 .
The space P C 2 meets discriminant variety Σ 4 along its singular part only; by this reason the complement of this variety in this space is simply-connected. So this variety does not contribute to the ramification of the volume function inside P C 2 and does not cause additional problems in proving Lemma 1.
